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1. Introduction
Given a Banach space (E,‖ · ‖) and a general mapping f :E → E, the following two
questions are fundamental:
(i) does the mapping f have at least one fixed point?
(ii) does the mapping f have an eigenvalue?
We recall that a real number λ0 is said to be an eigenvalue for f if there exists an el-
ement x0 ∈ E \ {0} such that f (x0) = λ0x0. The importance of the notions of fixed point
and eigenvalue are well known in Nonlinear Functional Analysis. Both have many ap-
plications. In this paper we present some results related to them. We prove a new fixed
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main result proved recently in [11] and by the notion of the scalar derivative [7]. The re-
sults related to eigenvalues are based on this new fixed point theorem and on a fixed point
theorem presented in [7] as a variant of Altman’s fixed point theorem. We obtain in par-
ticular an existence result for eigenvalues of nonexpansive mappings. We note that our
results on eigenvalues are based on assumptions which are different from the assumptions
used in similar results obtained in the period 1970–1980 by H. Amann, E.N. Dancer and
R.D. Nussbaum. This paper can be considered as a complementary part of the papers [11]
and [7].
2. Preliminaries
Let (E,‖ · ‖) be an arbitrary real Banach space. We say that a semi-inner-product is
defined on E, if to any x, y ∈ E there correspond a real number denoted by [x, y] satisfying
the following properties:
(s1) [x + y, z] = [x, z] + [y, z],
(s2) [λx,y] = λ[x, y] for x, y, z ∈ E, λ ∈ R,
(s3) [x, x] > 0 for x = 0,
(s4) |[x, y]|2  [x, x][y, y].
It is known [8,9] that a semi-inner-product space is a normed linear space with the norm
‖x‖s = [x, x]1/2 and that every Banach space can be endowed with a semi-inner-product
(and in general in infinitely many different ways, but a Hilbert space in a unique way).
It is possible to define a semi-inner-product such that [x, x] = ‖x‖2 (where ‖ · ‖ is the
norm given in E). In this case we say that the semi-inner-product is compatible with the
norm ‖ · ‖. By the proof of Theorem 1 in [8] this semi-inner-product can be defined so that
to have the homogeneity property:
(s5) [x,λy] = λ[x, y] for x, y ∈ E, λ ∈ R.
Throughout this paper we shall suppose that all semi-inner-products compatible with
the norm satisfy (s5).
For a bounded set D in E we denote by α(D) the measure of noncompactness of D
defined by
α(D) = inf{r > 0: D admits a finite cover by sets of diameter at most r}.
For properties of α(D) see [1,2,13].
A continuous mapping f : dom(f ) ⊆ E → E is called k-α-contractive if there is a k  0
such that α(f (D))  kα(D) for each bounded set D ⊆ dom(f ). Also, f is called α-
condensing if α(f (D)) < α(D), for each bounded set D ⊆ dom(f ), with α(D) = 0. We
recall that f is completely continuous if f is continuous and for every bounded set D ⊆
dom(f ), we have f (D) is relatively compact (i.e., f (D) is compact).
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contractive mapping with 0 k < 1 is α-condensing, but there are α-condensing mappings
that are not k-α-contractive for any k < 1 [1,10,13].
Let C ⊆ E be a nonempty unbounded closed convex set and h : C → E a mapping. We
recall some known definitions.
We recall that h is nonexpansive iff for any x, y ∈ C we have
∥∥h(x) − h(y)∥∥ ‖x − y‖.
Similarly can be defined the nonexpansive mappings between different Banach spaces. The
mapping h is said to be Lipschitz if there exists a constant ρ > 0 such that for any x, y ∈ C
we have ‖h(x) − h(y)‖  ρ‖x − y‖. If ρ < 1 the mapping h is called contractive (or a
ρ-contraction).
We say that a Banach space (E,‖ · ‖) is uniformly convex iff for every ε ∈ ]0,2] there
is a δ(ε) ∈ ]0,1] such that whenever ‖x‖ r , ‖y‖ r , ‖x − y‖ εr , x, y ∈ E, r > 0, it
follows that
∥∥∥∥x + y2
∥∥∥∥ (1 − δ(ε))r.
It is well known that any Hilbert space is uniformly convex and Lp(Ω) is uniformly
convex for 1 < p < ∞, where Ω is a domain in Rm.
The reader can find many results and details related to uniformly convex Banach spaces
in [3] and [14].
We say that the mapping h :C → E is demi-closed on C if for any sequence {xn} ⊆ C
weakly convergent to an element x∗ ∈ C with {h(xn)} norm-convergent to an element y∗,
we have that x∗ ∈ C and h(x∗) = y∗. It is known that if h is nonexpansive and E is uni-
formly convex, then I − h is demi-closed. For a proof of this result see [3, Theorem 8.4]
and [16, Proposition 10.9].
Remark 2.1. As it is remarked in [11], the assumption that C is bounded used in [16,
Proposition 10.9] is not necessary.
3. Some fixed point theorems
Let (E,‖ · ‖) be a Banach space and G : E × E → R a mapping which satisfies the
following conditions:
(g1) G(λx, y) = λG(x, y) for any x, y ∈ E and λ > 0,
(g2) ‖x‖2 G(x,x) for any x ∈ E.
The main result proved in [11] suggests us the following interesting theorem.
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bounded closed convex set with 0 ∈ C. Let f :C → E be a nonexpansive mapping such
that f (C) ⊆ C and I − f is demi-closed. If
lim sup
‖x‖→∞
x∈C
G(f (x), x)
‖x‖2 < 1, (3.1)
then f has a fixed point in C.
Proof. First, we observe that f is a bounded mapping, i.e., f (D) is bounded whenever
D ⊆ C is bounded.
Let {λn} be a sequence of ]0,1[ such that limn→∞ λn = 0. For every n ∈ N, we consider
the mapping fn :C → E defined by
fn(x) = (1 − λn)f (x).
Because C is convex, 0 ∈ C and f (C) ⊆ C imply that fn(C) ⊆ C.
Since f is nonexpansive, for any n ∈ N, fn is a contractive mapping with the rate
1 − λn < 1. Applying the Banach contractive principle, we obtain an element xn ∈ C such
that fn(xn) = xn. Now, we show that {xn}n∈N is a bounded sequence. Suppose to the con-
trary that {xn}n∈N is not bounded.
Since f satisfies relation (3.1), there exist β ∈ ]0,1[ and ρ0 > 0 such that G(f (x), x)
β‖x‖2, for x ∈ C satisfying ‖x‖ > ρ0.
For n ∈ N large enough we have
‖xn‖2 G(xn, xn) = G
(
(1 − λn)f (xn), xn
)= (1 − λn)G(f (xn), xn)
 (1 − λn)β‖xn‖2.
Dividing both sides by ‖xn‖2 and taking limits, we obtain 1 β , which is a contradic-
tion. Thus, ‖xn‖ is bounded.
Since for any n ∈ N,
xn = (1 − λn)f (xn),
we have∥∥xn − f (xn)∥∥= λn∥∥f (xn)∥∥→ 0,
when n → ∞ (since f is a bounded mapping).
The space E being reflexive and {xn} a bounded sequence, we may assume (eventually
considering a subsequence) that {xn} is weakly convergent to an element x∗ ∈ C. Because
I − f is demi-closed, we have that f (x∗) = x∗ and the proof is complete. 
Theorem 3.2. Suppose that G satisfies the following additional conditions:
(g3) G(x + y, z) = G(x,y) + G(x, z) for any x, y, z ∈ E.
(g4) There is an M > 0 such that |G(x,y)|M‖x‖‖y‖ for any x, y ∈ E.
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mapping such that f (C) ⊆ C, I − f is demi-closed and
lim sup
‖x‖→∞
x∈C
G(f (x) − x0, x)
‖x‖2 < 1, (3.2)
for some x0 ∈ C, then f has a fixed point in C.
Proof. First, we observe that f is a bounded mapping, i.e., f (D) is bounded whenever
D ⊆ C is bounded.
Let {λn} be a sequence of ]0,1[ such that limn→∞ λn = 0. For every n ∈ N, we consider
the mapping fn :C → E defined by
fn(x) = (1 − λn)f (x) + λnx0.
Because C is convex, x0 ∈ C and f (C) ⊆ C imply that fn(C) ⊆ C.
Since f is nonexpansive, for any n ∈ N, fn is a contractive mapping with the rate
1 − λn < 1. Applying the Banach contractive principle, we obtain an element xn ∈ C such
that fn(xn) = xn. Now, we show that {xn}n∈N is a bounded sequence. Suppose to the con-
trary that {xn}n∈N is not bounded.
Since f satisfies relation (3.2), there exist β ∈ ]0,1[ and ρ0 > 0 such that
G
(
f (x) − x0, x
)
 β‖x‖2,
for x ∈ C satisfying ‖x‖ > ρ0.
For n ∈ N large enough we have
‖xn‖2 G(xn, xn) = G
(
(1 − λn)f (xn) + λnx0, xn
)
= G((1 − λn)f (xn) − (1 − λn)x0 + x0, xn)
= (1 − λn)G
(
f (xn) − x0, xn
)+ G(x0, xn)
 (1 − λn)β‖xn‖2 + M‖x0‖‖xn‖.
Dividing both sides by ‖xn‖2 and taking limits, we obtain 1 β , which is a contradic-
tion. Thus, ‖xn‖ is bounded.
Since for any n ∈ N,
xn = (1 − λn)f (xn) + λnx0,
we have∥∥xn − f (xn)∥∥= λn∥∥f (xn) − x0∥∥→ 0,
when n → ∞ (since f is a bounded mapping).
The space E being reflexive and {xn} a bounded sequence, we may assume (eventually
considering a subsequence) that {xn} is weakly convergent to an element x∗ ∈ C. Because
I − f is demi-closed, we have that f (x∗) = x∗ and the proof is complete. 
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(1) If the space (E,‖ · ‖) is a uniformly convex Banach space, then in Theorems 3.1 and
3.2 it is not necessary to suppose that I − f is demi-closed.
(2) If in Theorems 3.1 and 3.2 the set C is a closed convex cone we have fixed point
theorems on cones.
The following concept was defined and studied in [15] and used for solving nonlinear
complementarity problems in [6].
Definition 3.4. Let E be a Banach space, C ⊆ E a nonempty unbounded set, C˜ ⊆ E with
C ⊆ C˜, f : C˜ → E and φ :R+ → R+. We say that f is φ-asymptotically bounded on C if
there exist r, c > 0 such that∥∥f (x)∥∥ cφ(‖x‖),
for all x ∈ C with ‖x‖ > r .
Corollary 3.5. Let (E,‖ · ‖) be a reflexive Banach space and C ⊆ E a nonempty un-
bounded closed convex set. Let f :C → E be a nonexpansive mapping such that f (C) ⊆ C
and I − f is demi-closed. Suppose that G : E × E → R satisfies conditions (g1)–(g4). If
A : C → E is a φ-asymptotically bounded mapping on C, limt→∞(φ(t)/t) = 0 and
lim sup
‖x‖→∞
x∈C
G(f (x) − A(x), x)
‖x‖2 < 1,
then f has a fixed point in C.
Proof. Consider an arbitrary point x0 ∈ C. We have that
lim sup
‖x‖→∞
x∈C
G(f (x) − x0, x)
‖x‖2
= lim sup
‖x‖→∞
x∈C
(
G(f (x) − A(x), x)
‖x‖2 +
G(−x0, x)
‖x‖2 +
G(A(x), x)
‖x‖2
)
 lim sup
‖x‖→∞
x∈C
G(f (x) − A(x), x)
‖x‖2 + lim sup‖x‖→∞
x∈C
G(−x0, x)
‖x‖2 + lim sup‖x‖→∞
x∈C
G(A(x), x)
‖x‖2
< 1 + lim
‖x‖→∞
x∈C
M‖x0‖‖x‖
‖x‖2 + lim sup‖x‖→∞
x∈C
M‖A(x)‖‖x‖
‖x‖2  1 + lim‖x‖→∞
x∈C
Mcφ(‖x‖)
‖x‖ = 1.
Hence, Theorem 3.2 implies that f has a fixed point. 
Corollary 3.6. Let (E,‖ · ‖) be a reflexive Banach space, K ⊆ E a closed convex cone and
k ∈ ]0,1[. Let S :K → E be a k-contraction and T : K → E a (1 − k)-contraction such
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If E is not uniformly convex, then suppose that I −(S+T ) is demi-closed. Then, f = S+T
has a fixed point in K .
Proof. We shall use Corollary 3.5. Let G = [·,·], where [·,·] is a semi-inner-product com-
patible with the norm ‖ · ‖ of E. Obviously G satisfies the conditions (g1)–(g4). Since K
is a closed convex cone,
f (K) = S(K) + T (K) ⊆ K + K ⊆ K.
Since S is a k-contraction and T a (1 − k)-contraction, by using the triangle inequality we
have
∥∥f (x) − f (y)∥∥ ∥∥S(x) − S(y)∥∥+ ∥∥T (x) − T (y)∥∥
 (1 − k)‖x − y‖ + k‖x − y‖ = ‖x − y‖,
for any x, y ∈ K . Hence, f is nonexpansive. It remains to prove that
lim sup
‖x‖→∞
x∈C
[f (x) − S(x), x]
‖x‖2 < 1.
By condition (s4) of the semi-inner-product, we have[
f (x) − S(x), x]= [T (x), x]= [T (x) − T (0), x]+ [T (0), x]

∥∥T (x) − T (0)∥∥‖x‖ + ∥∥T (0)∥∥‖x‖
 (1 − k)‖x‖2 + ∥∥T (0)∥∥‖x‖.
By dividing with ‖x‖2 and taking limits, we obtain that
lim sup
‖x‖→∞
x∈C
[f (x) − S(x), x]
‖x‖2  1 − k < 1. 
For any x = (x1, . . . , xn) ∈ Rn and ψ :R → R denote by ψ(x) the vector (ψ(x1), . . . ,
ψ(xn)). Let e be the Euler constant and I the n × n identical matrix.
Example 3.7.
(1) Let k ∈ ]0,1[, ζ :Rn → Rn a nonexpansive mapping and F : Rn → Rn a (1 − k)-
contraction. Then, there is an x ∈ Rn such that
F(x) = x + k sin ζ(x).
Indeed, it is easy to check that −k sin ζ(x) is a √n-asymptotically bounded k-
contraction. Hence, we can apply Corollary 3.6 with E = K = Rn, S = −k sin ζ(x)
and T = F .
(2) Let k ∈ ]0,1[ and ζ :Rn → Rn a nonexpansive mapping. Let B be an n × n matrix
such that I − B has nonnegative real entries and BT B − B − BT has no eigenvalue
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x ∈ Rn+ such that
Bx = ke−ζ(x).
Indeed, it is easy to check that ke−ζ(x) is a
√
n-asymptotically bounded k-contraction
and that (I −B)T (I −B) has no eigenvalue greater than (1− k)2, where I denotes the
identical matrix. Therefore, I −B is a (1−k)-contraction. Since I −B has nonnegative
real entries, (I − B)(Rn+) ⊆ Rn+. Thus, we can apply Corollary 3.6 with E = Rn,
K = Rn+, S = ke−ζ(x) and T = I − B .
Let (E,‖·‖) be a Banach space, K ⊂ E a closed convex cone, [·,·] a semi-inner-product
in E compatible with the norm ‖ · ‖, f :E → E and
N(f ) = {x ∈ E: [f (x), x]< 0}.
Let B :E × E → R be a mapping with the following properties:
(b1) B(λx, y) = λB(x, y) for any λ > 0 and any x, y ∈ E,
(b2) B(x, x) > 0 for any x ∈ E, x = 0.
In [7] are proved the following two theorems:
Theorem 3.8. If f is α-condensing f (K) ⊆ K and
lim sup
‖x‖→∞
x∈K
B(f (x), x)
B(x, x)
< 1,
then f has a fixed point in K .
Theorem 3.9. If f is k-α-contractive with 0 k < 1 and N(f ) is bounded, then for every
µ > k, µI + f is surjective.
4. Positive eigenvalues for nonlinear operators
Theorem 4.1. Let (E,‖ · ‖) be a Banach space and f :E → E a continuous k-α-
contractive mapping with 0 < k  1 which satisfies the relation
lim sup
‖x‖→∞
‖x − f (x)‖
‖x‖  1.
Then, for every µ > k, µI + f is surjective.
Proof. Let [·,·] be a semi-inner-product compatible with ‖ · ‖. If ‖x‖ is sufficiently large,
then [
x − f (x), x] ∥∥x − f (x)∥∥‖x‖ ‖x‖2 = [x, x].
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follows by using Theorem 3.9. 
Definition 4.2. The strong spectrum of f is the set
σw(f ) = {λ ∈ R: λI − f is not surjective}.
This notion was considered for particular operators in the study of invariant subspaces of
Banach spaces of analytic functions in the complex plane (see [5, p. 442] and [12, p. 587]).
In [4] W. Feng introduced the spectrum σ(f ) of a nonlinear operator f which extends
the spectrum of a bounded linear operator. By [4, Proposition 3.2],
σw(f ) ⊆ σ(f ),
i.e., the strong spectrum of f is contained in the spectrum of f.
Theorem 4.3. If (E,‖ · ‖) is a Banach space and f : E → E a continuous k-α-contractive
mapping with 0 < k  1 which satisfies the relation
lim sup
‖x‖→∞
‖x − f (x)‖
‖x‖  1,
then
σw(f ) ⊆ [−k,+∞[.
Proof. Suppose to the contrary that there exists a ρ ∈ σw(f ) ∩ ]−∞,−k[. It follows that
ρI − f is not surjective and hence the same holds for −ρI + f . Let µ = −ρ. Then, we
have that µI +f is not surjective and µ > k. But this is in contradiction with Theorem 4.1.
Theorem 4.4. Let E be a Banach space. Consider a functional B :E × E → R which
satisfies conditions (b1) and (b2). Let K ⊆ E be a closed convex cone and f : E → E
a continuous α-condensing mapping with f (K) ⊆ K , and f (0) = 0, such that
l = lim sup
‖x‖→∞
x∈K
B(f (x), x)
B(x, x)
< ∞.
Then, any λ > max{l,1} is an eigenvalue of f associated to an eigenvector in K .
Proof. Let λ > max{l,1}. We apply Theorem 3.8 to the mapping fλ = (1/λ)f |K . Since
λ > 1, fλ is α-condensing. Indeed, since f is α-condensing,
α
(
fλ(D)
)= 1
λ
α
(
f (D)
)
 α
(
f (D)
)
< α(D),
for each bounded set D ⊆ K = dom(fλ), with α(D) = 0. On the other hand, since λ > l,
lim sup
‖x‖→∞
x∈K
B(fλ(x), x)
B(x, x)
= l
λ
< 1.
Hence, Theorem 3.8 implies that fλ has a fixed point. Since f (0) = 0, this fixed point
is an eigenvector of f contained in K and λ is the corresponding eigenvalue. 
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a continuous α-condensing mapping with f (K) ⊆ K , and f (0) = 0, such that the follow-
ing condition is satisfied:
There is an R > 0 and δ ∈ ]0,1[ such that for every x ∈ K with ‖x‖ > R and every
λ > 1 − δ, f (x) = λx.
Then, any λ > 1 is an eigenvalue of f associated to an eigenvector x in K with ‖x‖R.
Proof. We shall use Theorem 4.4. Let B :E × E → R given by
B(x, y) =
{
λ if x = λy, λ > 0 and x = 0,
0 otherwise.
Obviously B satisfies the conditions (b1) and (b2). It is also easy to see that
l = lim sup
‖x‖→∞
x∈K
B(f (x), x)
B(x, x)
< 1.
Indeed, suppose that x ∈ K with ‖x‖ > R. If f (x) = λx, for some λ > 0, then λ 1−δ.
Therefore, by definition of B , B(f (x), x) = λ 1 − δ. If f (x) = λx, for any λ > 0, then
B(f (x), x) = 0. Hence if x ∈ K with ‖x‖ sufficiently large, then B(f (x), x) 1 − δ. On
the other hand, B(x, x) = 1, for any x ∈ E \ {0}. Therefore,
l = lim sup
‖x‖→∞
x∈K
B(f (x), x)
B(x, x)
 1 − δ < 1.
Then, by Theorem 4.4, any λ > 1 is an eigenvalue of f associated to an eigenvector x
in K . Since for every x ∈ K with ‖x‖ > R and every λ > 1 − δ, f (x) = λx, it follows that
‖x‖R. 
Corollary 4.6. Let E be a Banach space, K ⊆ E a closed convex cone and f :E → E
a continuous α-condensing mapping with f (K) ⊆ K and f (0) = 0, such that the following
condition is satisfied:
There are ρ,R0 > 0, such that for every x ∈ K with ‖x‖ > R0, ‖f (x)‖ < ρ.
Then, any λ > 1 is an eigenvalue of f associated to an eigenvector x in K with ‖x‖
max{ρ,R0}.
Proof. Choose R > 0 such that R > max{ρ,R0}. Then, 0 < ρ/R < 1. Let δ ∈ ]0,1[ such
that δ < 1 − ρ/R. Then,
R > max
{
ρ
1 − δ ,R0
}
.
Suppose that there is an x0 ∈ K with ‖x0‖ > R and a λ0 > 1−δ such that f (x0) = λ0x0.
Then, ‖x0‖ > R0 and∥∥f (x0)∥∥= λ0‖x0‖ > (1 − δ)R > ρ,
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every x ∈ K with ‖x‖ > R and every λ > 1 − δ, f (x) = λx. Then, by Corollary 4.5, any
λ > 1 is an eigenvalue of f associated to an eigenvector x in K with ‖x‖R. Since R > 0
was arbitrarily chosen such that R > max{ρ,R0}, the eigenvector x satisfies the relation
‖x‖max{ρ,R0}. 
The following corollary is a direct consequence of Corollary 4.6.
Corollary 4.7. Let φ :R+ → R+ such that the limit limt→∞ φ(t) exists and
0 < lim
t→∞φ(t) < ∞.
Let E be a Banach space, K ⊆ E a closed convex cone and f : E → E a continuous, α-
condensing and φ-asymptotically bounded mapping on K with f (K) ⊆ K and f (0) = 0.
Then, there is an R > 0 such that any λ > 1 is an eigenvalue of f associated to an eigen-
vector x in K with ‖x‖R.
Example 4.8. We will use the notations of Corollary 4.7. Let K = E = Rn.
(1) Let a ∈ Rn \ {0} and f :Rn → Rn with
f (x) = ‖x‖ + 1‖x‖ + 2 a.
It is easy to see that the conditions of Corollary 4.7 are satisfied with K = E = Rn and
φ(t) = t + 1
t + 2 .
Hence, every λ > 1 is an eigenvalue of f . Moreover, in this special case, a straight-
forward analysis show that every λ = 0 is an eigenvalue, with unique corresponding
eigenvector
xλ =
[‖a‖ − 2|λ| +√(‖a‖ − 2|λ|)2 + 4|λ|‖a‖
2|λ|‖a‖ sgnλ
]
a,
where sgnλ is the sign of λ.
(2) Let α ∈ R \ {0}, a ∈ Rn \ {0} and f :Rn → Rn with
f (x) = α ‖x‖ + 1‖x‖ + 2 ·
x + a
‖x + a‖ .
It is easy to see that the conditions of Corollary 4.7 are satisfied with K = E = Rn and
φ(t) = t + 1
t + 2 .
Hence, every λ > 1 is an eigenvalue of f . The eigenvectors corresponding to the eigen-
value λ are on the sphere with center in the origin and radius
|α| − 2λ +√(|α| − 2λ)2 + 4|α|λ
.2|α|λ
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of n polynomial equations of grade four with n unknowns.
We conclude this section by presenting a corollary of Theorem 3.1 and a corollary of
Theorem 3.2.
Corollary 4.9. Let (E,‖ · ‖) be a uniformly convex Banach space. Consider a functional
G :E × E → R which satisfies conditions (g1) and (g2). Let K ⊆ E be a closed convex
cone and f :K → E a nonexpansive mapping with f (K) ⊆ K and f (0) = 0. If
l = lim sup
‖x‖→∞
x∈K
G(f (x), x)
‖x‖2 < ∞, (4.1)
then any λ > max{l,1} is an eigenvalue of f associated to an eigenvector in K .
Proof. It can be proved similarly to Theorem 4.4, by applying Theorem 3.1 with C = K
and mapping (1/λ)f (which is expansive because λ > 1). 
Corollary 4.10. Let (E,‖ · ‖) be a uniformly convex Banach space. Consider a functional
G :E × E → R which satisfies conditions (g1)–(g4). Let K ⊆ E be a closed convex cone
and f :K → E a nonexpansive mapping with f (K) ⊆ K and f (0) = 0. If there exist an
x0 ∈ K such that
l = lim sup
‖x‖→∞
x∈K
G(f (x) − x0, x)
‖x‖2 < ∞, (4.2)
then any λ > max{l,1} is an eigenvalue of f associated to an eigenvector in K .
Proof. It can be proved similarly to Theorem 4.4, by applying Theorem 3.2 with K ,
(1/λ)x0 and (1/λ)f replacing C, x0 and f , respectively. 
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